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We show that in the limit of vanishing bare electron effective mass, and in the presence of particle- 
hole symmetric disorder (which can be of vanishing strength), the composite fermion Hall conduc- 
tance is constrained to be We discuss the implications of this results for the existence and 

nature of a composite Fermi liquid in the lowest Landau level. 
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The observation of a seemingly metallic DC 
magnetotransportlll ancLthe subsequent discovery of an 
acoustic wave anomalyB near v = 1/2, opened a new 
chapter in the studies of quantum Hall effects. (Here v = 
4>op/ B, where p is the mean electron density, c/)q — he/ e, 
and B is the externally applied magnetic field.) A very in- 
triguing idea, the composite fermion theory, has been put 
forward to explain these phenomena.tla In this theory, 
each electron is represented as a composite-fermiontl car- 
rying two quanta of fictitious magnetic flux which pierce 
the physical plane in the direction opposite to that of the 
real magnetic flux. Formally, this transformation maps 
the problem of electrons in a strong magnetic field onto a 
system of "composite fermions" moving in the same ex- 
ternal field while interacting with a fluctuating "statisti- 
cal" gauge field governed by a Chern-Simons actionfl 

In the absence of disorder, the ground state electron 
density is uniform. Thus at the mean-field level, the av- 
eraged statistical magnetic field, b — 2<j) p = \B\, cancels 
the external one, and the composite-fermions see no net 
field. When one tries to improve upon the mean-field the- 
ory (MFT) by including the fluctuations of .the statistical 
magnetic field, one encounters divergences.13 Attempts to 
sum these divergence-have led to suggestive, but so far in- 
conclusive results. I3~ty Despite this difficulty, it has been 
conjectured that the full effect of statistical gauge field 
fluctuations is to renormalize the parameters (perhaps in 
a singular way) of a zero field "composite Fermi liquid" . 

At this point it is useful to differentiate two concepts. 
The first is the composite fermion approach, and the sec- 
ond is the composite Fermi liquid theory. The former is 
simply an exact reformulation of the original problem, 
but the latter is a conjecture about the final solution. It 
is also worth pointing out that although the magnetic 
field is canceled out at the mean-field level in the com- 
posite fermion approach, there is no symmetry reason to 
expect crl v = since the full composite fermion action 
lacks time reversal symmetry. It is our understanding 
however, that the composite Fermi liquid conjecture re- 
quires that a[ y = 0. 

In any case, it has been argued that the transport 
properties of the electrons near v = 1/2 simply reflect 
the underlying Fermi liquid (or, possibly, the marginal 
Fermi liquid) behavior of the composite fermions in zero 



magnetic field. This intriguing picture acquired further 
support when Fermi-spxface-like features were observed 
in recent experiments. E3 

The principal purpose of the present paper is to re- 
examine the Fermi liquid picture when there is a finite 
(but possibly arbitrarily small) amount of disorder. In 
the presence of disorder, the ground state electron den- 
sity is no longer uniform. In the regions of high electron 
density, the statistical magnetic flux over-compensates 
the external one, and in the low density region it under- 
compensates. Thus from the view point of the composite 
fermions, the plane is divided into regions with net ef- 
fective fields opposite to each other. Nominally, if the 
average field is zero, one would expect a vanishing Hall 
conductance for composite fermion (i.e. a* = 0). This 
naive expectation is incorrect because of the correlation 
between the composite fermion density (which is equal 
to the electron density) and the effective magnetic field. 
Thus even if there are as many regions with positive 
and negative net magnetic field, one might expect the 
composite fermion Hall conductance to be negative (i.e. 
al y < 0). The existence of this correlation between flux 
and charge also raises questions concerning the validity 
of models of composite fermion transport in which this 
correlation is ignored.Q 

Here, we shall concentrate on a particular limit, (the 
limit where the bare electron effective mass nib is van- 
ishingly small, and the disorder potential is particle-hole 



symmetric^) , where we will show that at v — 1/2 the 



electron Hall conductivity is, 
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The electron resistivity tensor is related to the compos- 
ite fermion resistivity tensor by a "connection formula" 
(which will be discussed below) 
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combining this expression with Eq. (|l|) 
that, so long as a xx ^ 0, it follows that 



(2) 



we will show 
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independent of the strength of the disorder or whether 
the temperature is zero or finite! 

Disorder (or some other interaction which breaks 
Galilean invariance) is essential to establish the above 
constraint on o~[ y . Galilean invariance requires the elec- 
tron resistivity tensor to be 

Pxx = 

„ h , .. 

Pyx = 2 — . (4) 

The above result combined with the connection formula 
Eq. (0) implies that 

PL = p{x = °- ( 5 ) 

In this latter case the composite Fermion resistivity ten- 
sor is non-invertable. Therefore, our conclusions concern- 
ing a[ y apply in the limit that the disorder tends to zero, 
but may not apply in the absence of disorder. 

The remainder of the paper is organized as follows: 
In Section I we derive Eq. (|l|). In Section II, we show 
how Eq. (||) follows from Eq. (|l|). In the remainder of 
the paper, we attempt to understand the implications of 
this result on the fundamental character of the physical 
state at v — 1/2. Section III contains some discussion 
of the nature of the ground-state in the presence of dis- 
order in the mb — ► limit. In Section IV, we examine 
the problem of computing o~' xy in the absence of disor- 
der, but including the perturbative effects of fluctuations 
about the mean-field state. We find that, at least to low- 
est order, the mean field result a[ y = is unchanged. We 
also discuss our reasons for believing that, even though 
the present results are derived in a way that depends 
critically on the existence of a disorder potential, they 
raise important questions concerning the nature of the 
ground-state in the lowest Landau level at v = 1/2, even 
in the absence of disorder. Section V is a discussion of 
some other perturbative results in the absence of disor- 
der; formally this section is a digression from the main 
thrust of the paper, except in that it sheds some light 
on the nature of the composite Fermion ground-state at 
v = 1/2. Section VI contains a discussion of results, some 
speculations concerning their possible implications, and 
a discussion of their possible relevance to experiment. 
For the remainder of the paper, we adopt units in which 
e / c = k b — h = 1 • 

I. THE HALL CONDUCTANCE AT v = 1/2 IN 
THE LIMIT OF VANISHING BAND MASS 

A. Intuitive discussion: particle-hole symmetry in 
the lowest Landau level 

In the limit of small mb, or equivalently when the cy- 
clotron frequency, lo c = B/nib is the largest energy in 
the problem, we expect that the low-lying eigenstates 
for v < 1 can be constructed out of states lying en- 
tirely in the lowest Landau level plus perturbaiiye ef- 
fects of Landau level mixing. It is easy to seeE.il that 



even in the presence of electron-electron interactions and 
particle-hole symmetric disorder the Hamiltonian pro- 
jected onto the lowest Landau-level is particle-hole sym- 
metric. This is roughly, but not quite, adequate for our 
present purposes. What we seek to investigate is the na- 
ture of this symmetry for the full problem, in the phys- 
ically meaningful limit mj — > 0; intuitively, this limit is 
related to Landau-level projection, but there are effects 
of Landau-level mixing which survive in this limit JLj es- 
pecially when the current operator is involved. 

None-the-less, we will start our discussion by assum- 
ing that particle-hole symmetry is an exact low energy 
symmetry, and discuss its consequences. (In the follow- 
ing subsections we will demonstrate that, subject to some 
reasonable assumptions, the inferences we have made can 
be substantiated.) 

Since the ground state at v = 1 is unique, it can play 
the role of a reference vacuum equally well as the state 
with no electrons. What this means is that a system 
with electron concentration v < 1 can be viewed, equiv- 
alently, as a system of holes with concentration 1 — v. 
The corresponding conductivity tensor as a function of 
filling factor can be expressed in either electron or hole 
language as 

a{u)=a{l)+a h {l-v) (6) 

where a h (l — v) is the hole conductivity tensor at hole 
concentration 1 — v (electron concentration v). Particle 
hole symmetry, in turn, implies that 

<r**(y) ( 7 ) 

and 

°xy{v) = -O h xy {v). (8) 

^From these equations, we can exactly relate the Hall 
conductivity at v = 1/2 to the Hall conductivity at v = 1: 

u xy {v = 1/2) = (l/2)o- xy (v = 1). (9) 

Since a xy {v = 1) = Eq. (||) implies Eq. ([!]). 

Equation (^) is a strong result, and it applies not only 
to the D.C conductivity, but to finite frequency, ui, finite 
wave number, fc, and finite temperature, T, to the extent 
that none of these are large enough to imply substantial 
Landau-level mixing and hence breaking of particle-hole 
symmetry; indeed, we expect corrections due to finite 
temperature and finite frequency to vanish in the oj c — > 

00 limit, and finite k corrections to go like {kl) 2 , where 

1 = \[B is the magnetic length. 

B. Particle- hole symmetry at zero temperature 

In this subsection, we show that at T — and in the 
limit nib ~^rQi m t ne presence of particle-hole symmet- 
ric disorderEj and under the assumptions that: i) as a 
function of m& there are no non-analytic contributions to 
the Hall-conductivity which survive in the uib — > limit, 
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and ii) there is no spontaneous particle-hole symmetry 
breaking, it follows that the electronic Hall conductivity 
is given by Eq. (|]). 

The general expression for the Hall conductivity is 
given by the Kubo formula: 

a xy (cu) = - [ dte iut 9(t) « g[U]\[J x (t), J y (0)]\g[U] » dls 

(10) 

where A is the total area, 9{t) is the Heavyside function, 
and J a , the averaged current density, is given by 

J « = 4 /^[* t W(v-^(r)+*-4 (11) 
A J Irtib i 

In the following we shall consider u> « u> c . In Eq.(|lO|) 
| g[U] > is the ground state for a given external potential 
U(r), and < ... ><u s denotes the disorder average. (To 
simplify notation, we shall henceforth leave implicit the 
dependence of eigenstates on U(r).) Next we choose the 
eigenstates of the kinetic energy operator as a basis and 
expand \£(r) = J2 n k V , nfc( r ) a nfc where a nk annihilates an 
electron in the state 



so that the transformed Hamiltonian 



H' 



JT 



He 



-iT 



H-i + H 



(17) 



(18) 
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(12) 



Here we have chosen the gauge A = (0, Hx); L is the size 
of the system in the y direction (Fig. Ill) and 



Xn(x) = (2 n n\Tr*)-*H n (x)e-- 



(13) 



where H n (x) are the Hermit polynomials. After some 
trivial algebra we obtain 



Jx 



iArribl 



^ X n[a ] nk a n +lk - < + lfcOnfc], (14) 



n . k 



where X n = j dxx n (%)dxXn+i($)- Similarly, 



Arribl 



J2 Y n[ a lk a n+lk + al+ifeflnfe], (15) 



where Y n — J dxxXn(x)Xn+i{x) ■ Note that J is purely 
off-diagonal in the Landau-level index, but has non-zero 
matrix elements only between neighboring Landau-levels. 
In particular, for our purposes, we need to know only the 
matrix elements, Xq = Yq = 1/v2- 

Now let us consider the correlation function 

I([U];t) = <g\[J x (t),J v (0)]\g> 

= ]T{ e -^-^)' < g\J x (0)\a X a\J y (0)\g > 



(16) 



where | a > are the true many-body eigenstates of the 
system in the presence of external disorder potential 
U(r). To proceed, let us perform a canonical transfor- 
mation 



has no matrix element connecting pure LLL states, with 
those with a higher Landau level component .ESI13 The 
hcrmitian operator T can be constructed as a series in 
nib (which actually is an expansion in powers of the-ratio 
of the Landau level mixing matrix element to w c IHI), as 
follow 



T = ^(m 6 ) fc T fe 



(19) 



k=l 



Thus in Eq.@ H k = 0(m%) 
operator has the expansion 



The transformed current 



J' 



AT 



Je 



-iT 



J-l + Jo 



(20) 



where J_i = J. 

After the transformation, the eigenstates separate into 
two groups: one group {\ai >} lies entirely in the LLL, 
and the other {\ah >} contain higher Landau level com- 
ponents. (By assumption, \g >€E {\ai >}.) By construc- 
tion, the lowest group \a>i > are eigenstates of the pro- 
jected Hamiltonian Hl = PlH'Pl, where Pl is the op- 
erator that projects onto the subspacc spanned by states 
in the LLL. To O(m b ) 

H L =p j d 2 rp L {r) + - j d 2 rd 2 r'v{r - r'): p L (r)p L (r') : 



d 2 rU(r)p L (r). 



(21) 



Here p L (r) = ip+(r)Tp L (r), with ip L (r) = £) fc ^>ofe(r)aofc, 
and U and v are the disorder and interaction potential 
respectively. 

Consider first the contribution to Eq.(|lrj) due to due 
to inter-Landau-level excitations: 

h([U];t) = Y^{e-^- E ^ < g\J'M\a h X a h \J y (0)\g > 

a h 

- c.c}. (22) 
Since \g > lies entirely in the lowest Landau level, 

< <*h\J' x \g >= ~^~X~~j < ^\K+\g > +O(m b ) 
iArribl 



< a h \J' y \g >= < a h \K+\g > +O(m b ), (23) 

.rlTTlfrfc 

where 



a-ok- 



(24) 



^m-M = -Jdte { t)e^i 1 (t) = Aiml)2 

a h 



Thus the corresponding contribution to a xy is 

A f p 2 
r (l) (\tt1 . , ,\ A I jj.nu\„ivt T 



{E ah -E g )*-u>* 
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Let us write 



E a — E g = lo c + A a ; 



(26) 



to lowest order in m?,, we can approximate A a by in 
Eg. (p5|) . Thus, the leading order contribution to a x ]j in 



the — ► limit is 



a 1 - 1 ' = < 

xy AB 



9\J2a+ k a ok \g >, 



(27) 



where we have used the fact that (uibluJc) 2 = B. 

Next we look at the contribution to a xy due to intra- 
Landau-levels excitations. 

^([U];cj) = ^ J dt6(t)e^I 2 (t), (28) 

where 

h([U];t) = Y,{< 9\J'At)\<*l >< ^I4(0)|5 > 

- < g\J' v (P)\<*i >< ai\J' x (t)\g > ■ (29) 
To C(m°), we can replace J' in Eq.(^9|) by 

J" = P L (J_x + J a )P L = P l (Jo)Pl- (30) 

Thus, 

h[U] =< g\[J':(t),J^0)]\g > +0(m b ), (31) 
and J£ = \jd 2 rj'^{r) whereB 

1 



J» = PlUt) 



-{l-P L )VP L 



huj c N/2 - H K 

+ P L V(1-P L ) ^ ^—J a (r)P L - (32) 

Tiu c N/2 -H K 

Here N and Hk are the particle number operator and 
kinetic energy operator respectively, and V is the sum 
of the potential (disorder) and the two-body interaction 
part of the Hamiltonian. The time dependent operator 
J x (t) is related to J"(0) via 

J£(t) = e^J^OK^, (33) 

Given Eq.([32"|) we perform the integration over spaceEl 
and obtain: 



4' = j I d 2 r{ PL (r)d y U(r) + / d 2 r lPL {r) PL {n) 



At v — 1/2, and when J d 2 rU(r) = 0, the value of 
p is such that H L [U] — ► H L [—U] under the LLL p-h 
transformation, 



Eq.(|36"|) amounts to the change 



(36) 



(37) 



and complex conjugation of the basis wavefunction. Un- 
der this transformation (since complex conjugation is 
equivalent to the transformation y — > — y) 



If 



J' X '{U) -> -J x \-u) 
J"{U) -> 4'(-C7). 



I >H flp[-tf] > 



(38) 



(39) 



(i.e. if there is no spontaneous particle- hole symmetry 
breaking), then (since ^ fc [l] = -4^/00 = ^P/ 271 ") 



^[U]=-a^[-U]. 



(40) 



Therefore 



2tt 
2tt 



'xy 



(41) 



In the above equation we have used the fact that the 
disorder is particle-hole symmetric i.e. 

P[U] = P[-U]. (42) 

After restoring h Eq.(Bl]) is equivalent to Eq.(|l|). 



d y v(r-ri) + J d 2 r 1 p L (r 1 )p L (r)d y v(r 1 - r)}, (34) C. Particle- hole symmetry at non-zero temperature 



and 



J y=~jJ d 2 r{p L (r)d x U(r) - I d 2 r 1 p L {r)p L {r 1 ) x 

d x v(r - ri) - / d 2 r 1 p L (r 1 )p L (r)d x v(r 1 - r)}. (35) 



The derivation presented above can be generalized to 
finite temperature. In that case < g\[J x (t), J y (0)]\g > in 
Eqs.(^0|) and (|l6| ) is replaced by the thermal average, i.e. 

<i««y,(»)ii s -™«. (43) 
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By making the same assumptions as in the above, we see 
that in the mi, — > limit, we can evaluate the trace over 
states in the LLL. Thus Eq.(E2L) is replace by 



i s - 

'xy 



ai 

^{ e -«E ah -E a Jt < 0,1^(0)1^ >< ah \j' y {Q)\ ai > 

ah 

- c.c}. (44) 
where 

Z l = Y,e- flE "*- (45) 



To the lowest order in m^, we again replace J' by J in 
Eq. (p4|). Again, as we did in Eq. (p6[), we make the 
replacement, valid to 0(m®), {E ah — E a[ ) oj c . Then 

a ® = JbY^^"' < a i\Y, a tk^k\m > . (46) 



Finally, Eq.([5l]) is replaced by 

h[U] = ^Tr'{e-^[^W,4'(°)]}- ( 47 ) 

Here Tr'{...} = J2 a[ < a;;|---| Q; i >j denotes the par- 
tial trace over the LLL eigenstates only. At finite 
temperature the condition of no particle-hole symme- 
try breaking is generalized to the statement that we 
may use Eq.(^) without including in H an infinitesimal 
symmetry-breaking field. 



II. IMPLICATIONS FOR THE COMPOSITE 
FERMION CONDUCTIVITY 



An important ingredient of the composite fermion ap- 
proach is the relation between the electron and compos- 
ite fermion correlation functions. It is the nature of the 
mapping that the density of composite fermions equals 
that of the electrons, but the relation between current 
operators is more complicated. To compute the electron 
current-current correlation function, we need to strips to- 
gether the composite fermion "irreducible bubbles" t3 us- 
ing the £iiern-Simons bare gauge propagator. As shown 
in RefsE,Ej andtr, this results in the relation Eq.(|^) be- 
tween the resistivity tensor of electrons, p a p, and that of 
the composite fermions, p a g. Physically, this expresses 
the fact that associated with the composite fermion cur- 
rent, there is a the statistical flux current, which produces 
a corresponding EMF proportional to the statistical flux 
carried by each composite fermion times the electrical 
current. When p(, x ^ 0, the resistivity tensor can be 
inverted with the consequence that Eq.(||) is equivalent 
to 



e 2 §^<J xy - 2(a 2 xx + a 2 xy ) 
2tt A„l x + (£ - 2a xv Y 

2 e 2 

^ ^i x + {^-2<j xy y ' 



(48) 



In the above <7 ra ,and o~ xy are the impurity averaged con- 
ductivity tensor of the electrons. o-' xx ,o xy are the con- 
ductivity deduced from the impurity averaged bubble di- 
agrams that are irreducible with respect to cutting a sta- 
tistical gauge propagator. Here we stress that the latter is 
not necessarily equal to first taking the statistical-gauge- 
propagator-irreducible bubble in fixed disorder, and then 
averaging over the disorder realization. For example, the 
diagram shown in Figj^ belongs to the former, while not 
the latter. By substituting a xy — |^ into Eq.([48|), we 
obtain 



T f = 

'xy 



4tt ; a x 
An' 



(49) 



The above is valid so long as p xx ^ and when particle- 
hole symmetry is maintained, so it applies with or with- 
out electron-electron interactions, for finite or infinite 
systems, and at zero or non-zero temperature. 



III. WHAT IS THE CORRECT STATE IN THE 
LIMIT OF ZERO BAND MASS IN THE 
PRESENCE OF DISORDER? 



Now the remaining question is "what is the correct 
state in the limit of m& — > when there is a non-zero 
amount of particle-hole symmetric disorder?" For that 
purpose let us consider the composite boson representa- 
tion where the electrons are viewed as composite bosons 
carrying one quantum of fictitious magnetic flux each (i.e. 
the 9 = 1 boson Chern-Simons theory). Here we recall 
that in this representation, the Bose superfluid phase cor- 
responds to the v = 1 quantum Hall liquid, and the Bose 
insulator (or the vortex superfluid) phase corresponds to 
the electron insulator. In between we can have a partic- 
ular situation where the bosons and vortices areJii the 
same state. The latter is marked by the so-calledlj "self- 
duality condition" where 



\Pxx) {Pyx) f }, 



1 



i<x) 2 + «) 2 



0& 



(50) 



To translate this condition into a statement concern- 
ing the electronic response, we use the connection for- 
mula between the electron and composite boson resistiv- 
ity tensor Jij 



Pxx— Pxx 
Pyx= -o+P[ 



yx ■ 



(51) 
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With this identity, it is easy to see that Eq. ( p0| ) is equiv- 
alent to Eq. (jl|) ! Thus the particle-hole symmetric con- 

2 

dition cl^ = j- is equivalent to the statement of self- 
dualityM 

One example of the self-duality of the 9 — 1 boson 
Chern-Simons theory is tie critical point of the v — to 
v = 1 plateau transition.!!^ For the latter, it was argued 
that 



L a = 



1 



■xy 
h 





2w' 



(52) 



We note that Eq.(p2[) constitutes a special solution to 
Eq.(50). Values of the conductivity consistent with 
Eq.(52) were found for both particle- hole symmetric 
and non-symmetric disorder in numerical studies of non- 
interacting electrons at this transition £iL Recently, ex- 
periments have been performed which dramatically sup- 
port the notion that there is a universal resistivity tensor 
at the critical point, with measured values in all cases 
consistent with the conjecture d val ues of the composite 
boson conductivities (Eq.(p2[)).c3i2j 

The plateau transition (Eq.(p3)), being a critical 
point, obviously is infra-red unstable with respect to a 
single perturbation (which turns out to be a xy — |^). 
The fact that it is experimentally observable, implies that 
given the constraint that a xy — e 2 /An, it is infrared sta- 
ble. There are infinitely many other possible solutions 
to Eq. (|50|)lj, with all of them consistent with a xy = 
the question is whether any of them corresponds to an 
infrared stable fixed point in the presence of disorder 
(which, again, can be vanishingly small). If the answer 
is no, then even in the limit of vanishing disorder, the 
ground-state of the system at v = 1/2 is asymptotically 
equivalent to the critical state at the — > 1 plateau tran- 
sition. If the answer is yes, much new physics remains to 
be explored. 



IV. PERTURB ATIVE RESULTS FOR 
COMPOSITE FERMION HALL CONDUCTIVITY 
IN THE ABSENCE OF DISORDER: 

In this part of our paper we address the case where 
there is no disorder. As we stressed earlier, in that case 

2 

the fact that a xy = does not uniquely determine the 
value of al y . For example, so long as a[ x = oo, <jf y 
can have any finite value. In particular, a' = oo and 



a xy = is a perfectly legitimate solution. 



In the following we shall compute u' xy perturbatively. 
The starting point of our subsequent analysis is the com- 
posite fermion Euclidean Lagrangian: 

L[tp, ip, a] = / d 2 x , i[){do + ieAo — iao)tp 



l 

2m, 



d 2 xip(f +iA-iafi> + L a {a], (53) 



8ir 2 9 2 
i 



d 2 xd 2 x'[b{x,t) - b]v{x - x')[b(x',t) - b] 



+ ^ / d 2 xe^ x a^a x . 



(54) 



tp and %j) are the Grassmann fields associated with the 
composite fermions; and a M are the external and sta- 
tistical gauge fields respectively; b = V x a; v(x — x') 
is the bare interaction between electrons; b = 2n9p 
is the averaged statistical magnetic field. Moreover, 
we have made use of the Chern-Simons constraint that 
b(x,t) = 2ir9p(x,t). By rescaling space, time, and the 
fermion fields, so that x — > kpx,t — > tkp/mt,, and 



where 



ip,ip — > k F ip, kp 1 ^, (here kp = \/pJtt) one can eas- 



F Vi "'F 

ily prove that in Eqs.(|53|) and ( |54| ) the only dimension- 
less parameters are 6, a = huj c /E c , and p~9/2irB, where 
/p/ir, is the typical strength of the Coulomb 



E c = e*/ 

interaction. Here, we will consider only the case in which 
the magnetic field satisfies the commensurability condi- 
tion 2irp9/B = 1, so that at the mean- field level the net 
effective magnetic field seen by the composite fermions is 
zero. 

Within the class of models described by Eqs.(p3|) and 
([54|), the problem of physical interest corresponds to 
9 — 2, while the problem is simple in the limit 9 — * 
with a fixed. In that limit, the composite fermions are 
the bare electrons, and MFT is exact.D The question we 
are trying to address is "what are the fluctuation cor- 
rections to this mean-field picture?" In carrying out the 
calculations, we choose to work in Coulomb gauge, in 
which the gauge-field propagator, Dij, is a 2 x 2 matrix, 
with j — 0, 1 representing the time and space compo- 
nents, respectively. 

We have calculated a[ y perturbatively by evaluating 
the Feynman diagrams shown in Fig. |^. In that figure 
the wavy line represents the mixed gauge propagator Z?oi 
and D\q. The open triangle, solid triangle, and square 
represent the density, current, and the diamagnetic ver- 
tices respectively. To lowest order in 9 and a we can used 
the bare gauge propagator, Doo{qo,q) = V(q), Dn = 0, 
and D 10 (q ,c[) = D 01 (q a ,q) = i2w6/\q\, where V(q) is the 
Fourier transform of v(f). In this case, since Z?oi does 
not depend on frequency, the integration can be easily 
done. Let u> and q be the external frequency and mo- 
mentum respectively. We have looked at two limits: i) 
|gj — * first and lo — > second (this is the canonical limit 
for defining the conductivities), and ii) u> — * first and 
\q\ — ► second. In case i) all the individual graphs shown 
in Figs.l(a)-l(d) are zero. In case ii) the contributions 
to (jfy from Figs. 1(a), 1(b), and 1(c), 1(d) are ±9e 2 /l6-rr 
respectively; thus the net result is again zero. (We note 
that for this case we found that the characteristic mo- 
mentum carried by the gauge line is of order kF-) Since 
|g| ^ breaks Galilean invariance, we regard the value of 
o{. y in case ii) as a more stringent test of whether the time 
reversal symmetry of composite fermions is restored. 

Therefore to this order we obtain al„ — 0. This re- 
suit is consistent with the notion of a composite Fermi 
liquid in zero magnetic field. If this were true to all or- 
ders, i.e. al y = in the absence of disorder, we would be 
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left with the following situation: In the limit of nib — > 0, 
the composite fermion Hall conductance in the presence 
of particle-hole symmetric disorder of vanishing strength 
would differ by — e 2 /47r from its value in the absence of 
disorder. Singular behavior in the limit of zero disor- 
der is, of course, not unprecedented; For non-interacting 
electrons in two dimensions, the zero-temperature con- 
ductivity is infinite in the absence of disorder, and (due 
to localization) for arbitrarily small disorder. However, 
this behavior is due to a subtle, infra-red instability of 
the Fermi-liquid fixed point in two dimensions, and can 
be circumvented by considering a finite size system, or a 
system at finite temperature, in which case the zero disor- 
der and vanishing disorder results coincide. The situation 
for the composite fermions is, we believe, fundamentally 
different. This is because the fact that particle- hole sym- 

2 

metry implies a xy — does not rely on cither the zero 
temperature or the thermodynamic limits; the fact that 
a xy 7^ is not a delicate infrared phenomenon. It merely 
reflects the fact that through the flux-density correlation 
imposed by the Chern-Simons term, disorder makes flux 
cancellation an impossible task. For this reason, we be- 
lieve (without proof) that the results in the presence of 
weak disorder are pertinent to understanding the prop- 
erties of the system in the absence of disorder. 



V. DIGRESSION: OTHER PERTURB ATIVE 
RESULTS 

In this section we report some other perturbative re- 
sults we have obtained. These results do not directly 
address the question of a[ y in the pure system, but do 
shed some light on other properties of this system. 

We shall concentrate on the density-density and 
current-current correlation functions. The effects of the 
bare D 00 are identical to those of a static Coulomb inter- 
action. As is customary in this case, a RPA resumation is 
performed to screen Dqq and D\\. If one uses the renor- 
malized D 00 and Dn to compute the 1-loop corrections 
to the composite fermion self-energy, T,(qo,q), the con- 
tribution from longitudinal fluctuations, i.e. those which 
involve Z?oOi diverges logaritmically with the size of the 
system for fixed qo and qu The contribution from trans- 
verse fluctuations, i.e. those involving Z?n, are regular in 
the system size, but contribute a logarithmicly diverging 
correction to the effective massJj 

In the following we shall prove that to the same level of 
approximation in the density-density and current-current 
correlation functions (see FigJ^), the divergent contribu- 
tion to the self-energy from longitudinal gauge field fluc- 
tuations is exactly canceled by the corresponding vertex 
correction for all q and u>. However, a logarithmic sin- 
gularity from transverse gauge fluctuations stays in 
response functions, but only at wave- vector q = 2fci?j 

To begin with, let us recall the origin of the divergent 
contribution to the composite fermion self-energy!! Since 
the divergence originates from the high-energy, small mo- 
mentum region (u> >> q), we can use the following ex- 
pression for the RPA screened Dq^: 



Doo(q) 



2ir9 q 2 uj c 
q 2 q 2 +ui 2 ' 



(55) 



Substituting this expression into the formula for the low- 
est order self-energy correction, we obtain: 



E(fc) = - J ^G (k-q)D 00 



^From Eq.(p6|) a singular term can be extracted: 

£(fc) = -rrln{q m axL) ■ — ^ --. 

2 uj c + sgn{e k ){e k - k Q ) 



(56) 



(57) 



Now let us consider the analogous contribution to the 
density-density correlation function, < pp >. To the low- 
est order < pp > is given by the sum of three diagrams 
Fig.||(a, b, c). The corresponding analytical expressions 
are: 



Hi 

n 2 
n 3 



d 3 P 

(2tt) 3 



G (p)Gg(p + «)£(p + «), 



''' P G 2 (p)G (p + qMp), 



(2tt) 3 
d 3 p 



G (p)G (p + q)T(p,p + q),. 



(58) 
(59) 
(60) 



(2tt) 3 

where the dressed vertex T is given by 

/d 3 k 
j^G (p + q + k)G {p + k)Doo(k). 

(61) 

It is straightforward to show that the following relation 
holds between the divergent contributions to E and T: 



F{p,p + q) = 



E(p)-E(p + ?) 



--p+q 



(62) 



Substituting this expression into Eqs.(|58-60), and using 
the identity 



G (p)G (p + q) 



G (p) - G (p + q) 
iqo — £p+q + £p 



(63) 



one can show that 

3 
i=l 



d 3 P G§(p)£(p)-G§(p + g)E(p + g) 



(2tt) 3 



iqQ ^ £ p+q + £ p 



(64) 



The above expression vanishes after integration over p 
due to the analytical structure of the integrand, that is 
because the poles of Go(p) and E(p) are on the same side 
of the real axis. 

Now we turn to the current-current correlation func- 
tion =< j a j p >. To get n" /3 ,n2 /3 ,n3 /3 associated 
with the diagrams in Fig.^(a,b,c), we need to insert cur- 
rent vertices p a (p + q)p, Pa(p + q)/3 into Eqs.( [58| , [59"| ), and 
(p + k) a (p + q)f3 =p a (p + q)p + k a (p + q)p into Eq.@. 
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Since the k a (p + q)p term in the last expression does not 
produce any divergence, it can be neglected. Therefore 



to obtain the singular contributions to n"' 3 , ,H^, 
we need to do is to multiply the integrands in Eq.(p8-60) 
by the factor p a (p + q)p. Since the last operation does 
not affect the pole structure; the proof goes through as 
before and the singular contribution again vanishes. 

Now, we turn to the contributions to these correlation 
functions from the transverse gauge-field fluctuations, 
where the singular contributions from the self-energy and 
vertex corrections do not ^cancel for | q |= 2k p. (They 
do cancel at other | q | £3'EIl3) The graphs used in that 
calculation are summarized in Fig.^. The result for the 
2Uf density-density correlation function is given by 



all 



An(tj,2/c F )/Ano(w,2fc F ) = l + 0aCiln 



E F 



(65) 



Here U(u,q) = J cPxdte^-^ < T[p{x, t)p(0, 0)] > 
with IIo being the density-density correlation function 
of free electrons, AH(uj,q) — U(ui,q) — 11(0, q), and 
C\ = — hlj + lni 9 ^-)]. The above result shows that small 
a, hence strong Landau level mixing, tends to stabilize 
the composite fermion mean-field theory against diver- 
gent corrections arising from the transverse gauge field 
fluctuations. 

To summarize, the perturbative results for the pure 
system are consistent with the existence of time reversal 
symmetry in the long wave-length low energy properties 
of the composite fermions. The only sign of non-Fermi 
liquid behavior is Eq. (|65|) . Whether this singularity sig- 
nals a true asymptotic state that lacks time reversal sym- 
metry, cannot be determined on the basis of our results. 
However, along these lines, we would like to point out a 
possible implication of Eq.(|65|), i.e. that at finite Landau 
level mixing, there exists a crossover temperature scale, 
T cr , above which all divergent corrections to composite 
Fermi liquid behavior are numerically insignificant .E9 If 
this interpretation is correct, then Eq.(|65|) suggests that 
this temperature is exponentially small in the limit of a 
large amount of Landau level mixing, so there would ex- 
ist a broad temperature range, T cr <T« lu c , in which 
Fermi liquid behavior would be observable. 

Finally, the fact that the divergent self-energy correc- 
tion from Dqo is canceled by the vertex correction for 
all external momenta leads us to the following tentative 
conclusion: single composite fermion excitations ( and 
by extenuation, probably any excitation with net "sta- 
tistical charge") are not part of the physical spectrum. 
Instead, the physical excitations— are statistical charge- 
neutral particle-hole excitations .CJ Of course, we have 
proven the consistency of this viewpoint only to lowest 
order in perturbation theory, so at this point we can only 
conjecture that it remains valid more generally. 



VI. FINAL DISCUSSIONS: 

In this section we restore e,c,h~ and fee. For real sys- 
tems there is appreciable Landau level mixing (a ~ I). 



Thus an important question is "what does the LLL and 
particle-hole symmetry constraint having to do with re- 
ality?" (Here we should stress that although for real 

systems, it is not clear that a[ y = — tne g enera l 

observation that disorder destroys flux cancellation and 
hence makes a[ y ^ should still be generically true.) 

One way to address this question, is to examine it in 
the light of some recent-experimental results of Wong and 
JiangLJ. In that studyo Wong and Jiang have attempted 
to map out the nature of the global, zero temperature 
phase diagram in the density-filling factor plane in the 
neighborhood of v = 1/2 using gated GaAs heterojunc- 
tions with mobilities in the range p < 2 x 10 6 cm 2 /Vs. 
(Since the mobility is a monotone increasing function, it 
is useful to think of varying the density as varying the 
degree of disorder.) Wong and Jiang have identified a 
line, which can be unambiguously associated with the 
— > 1 plateau transition, on which the full conductiv- 
ity tensor (or resistivity tensor) is apparently temper- 
ature independent; moreover, everywhere on this line, 
a xx ps o~xy ~ (l/2)e 2 //i, consistent with theoretical ex- 
pectations. This line lies at v ps 1 in the low mobility 
(high disorder) limit, and approaches v = 1/2 as the 
disorder is decreased. In the highest mobility samples, 
however, the boundary of the v — 1 phase can no longer 
be clearly identified, possibly due to finite temperature 
effects. (The lowest temperature in this experiment is 
50mK.) A similar line has been identified at v < 1/2 cor- 
responding to the 0-i 1/3 plateau transition, on which 
o~xx ~ (l/10)e 2 //i and a xy ps (3/10)e 2 /h, independent 
of temperature and density. In addition to these famil- 
iar phase-boundaries, two other characteristic behaviors 
have been observed, which can be used to map out lines 
in the phase diagram of, as yet, undetermined meaning. 
One such line is more-or less parallel to the density axis 
at v ps 1/2, and occurs only at relatively high mobilities: 
On this line, a xy — (l/2)e 2 /h, independent of temper- 
ature and density, while o~ xx varies with density, and is 
still temperature dependent, even at the lowest tempera- 
tures. At the low density end of this line, a xx approaches 
(l/2)/i/e 2 and becomes ever more weakly temperature 
dependent, i.e. this line is apparently the continuation 
of the — > 1 phase boundary. However, for high den- 
sity samples, the magnitude of a xx is about (0.08)e 2 //i 
at the lowest temperatures, where it is still quite notice- 
ably temperature dependent. This result suggests that 
o~ X y — e 2 /2h, i.e. particle-hole symmetry, is more ro- 
bust than the universal dissipative transport. (This is 
also consistent with recent experiments OHr-the non-linear 
transport near quantum Hall transitions 2 !] which reveal 
that a form of self duality (which for the 1 — ► transi- 
tion is the same as particle-hole symmetry) is observed 
over a much wider range of filling factors than the critical 
behavior, itself.) It remains to be seen whether upon fur- 
ther cooling o~ xx rises to the universal value (as would be 
expected if this is indeed the continuation of the — ► 1 
phase boundary). Finally, another line is observed on 
which p xy pa 2/i/e 2 , and is approximately temperature 
independent. (These two lines necessarily converge in 
the high mobility limit, as p xx — > 0.) Along this line 
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0. 



In a recent preprint^ Simon, Stern and Halperin have 
pointed out a difficulty in the mean-field, and what 
they call the (M)RPA, approximations for the com- 
posite Fermi liquid theory. They consider the limit of 
rrifc — ► 0, and an inhomogeneous external magnetic field 
B(r) = B1/2 + SB(r). From the electron point of view, 
due to the zero point kinetic energy fwj c (r), the region of 
8B{r) < will be populated by electrons while that of 
SB(r) > will not. From the composite fermion point 
of view the same physics is reflected in energy associated 
with the zero-point composite fermion density fluctua- 
tion. Instead, in the spirit of Landau theory, Simon, 
Stern, and Halperin suggested modifying the composite 
Fermi liquid theory by attaching a magnetic moment, of 
determined strength, to each composite Fermion. After 
taking into account the magnetization current associated 
with this moment, they arrived at a new approximation 
- the M 2 RPA. While it seems to us unlikely that this 
same correction will simultaneously correct the value of 
al y in the presence of disordered, it is possible that a 
similar in spirit modification of the basic constituents of 
the composite Fermi liquid theory might exist that would 
accomplish this task. 
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FIG. 1. The geometry for the quantum Hall system. 

FIG. 2. An example where an impurity averaged irre- 
ducible bubble diagram does not appear after averaging the 
irreducible bubble diagrams for specific disorders. 



FIG. 3. Feynman diagrams for a xy . For q — * 0,ui — > 
while lu » q each individual graphs in a)-d) vanishes. For 
q — > 0,uj —* while uo « q the diagrams a),b) cancels di- 
agram c), d). The diagrams corresponding to self-energy in- 
sertions vanish due to symmetry. 

FIG. 4. Feynman diagrams for H(qo,q). For logitudinal 
gauge fluctuations, diagrams d) and e) are absent. 
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